Abstract. A classic result due to H. Furstenberg is the strict ergodicity of the horocycle flow for a compact hyperbolic surface. Strict ergodicity is unique ergodicity with respect to a measure of full support, and therefore implies minimality. The horocycle flow has been previously studied on minimal foliations by hyperbolic surfaces on closed manifolds, where it is known not to be minimal in general. In this paper, we prove that for the special case of Riemannian foliations, strict ergodicity of the horocycle flow still holds. This in particular proves that this flow is minimal, which establishes a conjecture proposed by S. Matsumoto.
Introduction and motivation
The dynamics of the geodesic and horocycle flows for hyperbolic surfaces has been extensively studied since the seminal works of E. Hopf and G. Hedlund in the 1930s, both from the topological and measure-theoretical points of view. In the 1936 paper [18] , Hedlund proved the minimality of the horocycle flow of any closed surface of constant negative curvature S. If S is the quotient of the hyperbolic plane H by the action of a torsion-free discrete subgroup Γ of the group of orientationpreserving isometries P SL(2, R), the horocycle flow on the unit tangent bundle T 1 S = Γ\P SL(2, R) is given by the right action of the unipotent group U + = 1 s 0 1 : s ∈ R on P SL(2, R). Minimality means that the U + -orbits are dense in Γ\P SL(2, R). The strict ergodicity of the horocycle flow was proved almost 40 years later by H. Furstenberg in [14] . Recall that strict ergodicity is both minimality and unique ergodicity, and was defined in [15] . Involving techniques of harmonic analysis, Furstenberg's proof is based on the duality between the right U + -action on Γ\P SL(2, R) and the action of Γ on E = R 2 − {0}/{±Id} deduced from the linear action of SL(2, R) on R 2 (see [12] for details about this action). Since then this result has been generalised in different frameworks through different techniques by a number of authors (see for instance [11] and references therein).
Our motivation is to study the dynamics of the horocycle flow associated to a minimal foliation F by hyperbolic surfaces of a closed manifold M according to [19] . Like for hyperbolic surfaces, the geodesic and horocycle flows g t and h : a, b ∈ R, a > 0 .
In general, the minimality of the foliation F does not suffice to obtain the minimality of the horocycle flow h + s as in Hedlund's theorem (see examples in [3] and [19] ). This question has been addressed in [3] , [4] and [22] , obtaining several results under certain restrictions. More concretely:
(1) In [3] , the question is answered positively for minimal homogeneous G-Lie foliations arising from the quotient of the product of P SL(2, R) and a Lie group G by the action of a cocompact discrete subgroup Γ. This manifold is naturally foliated by the orbits of the right P SL(2, R)-action and identifies with the unitary tangent bundle of the foliation F induced on the quotient M = Γ\(P SL(2, R)/P SO(2, R) × G) ≃ Γ\(H × G)
by the trivial fibration D : H × G → G. (2) In [4] , the minimality of the horocycle flow is proved for minimal foliations that have a loop which is nonhomotopic to zero in its leaf and which has trivial holonomy. (3) In [22] , S. Matsumoto proves that minimality of h + s is equivalent to minimality of the B + -action under a more general assumption that includes, among others, all minimal foliations of codimension one. In many cases, though, the question remains unanswered for a large family of foliations by hyperbolic surfaces. Focusing on the Riemannian case, directly related with 1 and 3, the minimality of the horocycle flow has been established by the first two authors in the homogeneous case, and later proved by Matsumoto with the additional assumption that there is a leaf which is not simply connected. Let us recall that a Riemannian foliation is characterised by the existence of a Riemannian metric such that any geodesic that is orthogonal to the foliation at some point remains orthogonal at every point. In [22] , Matsumoto has formulated the following conjecture:
Conjecture ([22, Conjecture 1.5] ). For any minimal Riemannian foliation F by hyperbolic surfaces, the horocycle flow h + s is minimal. Now this conjecture follows as a consequence of the main result in this paper.
Like the minimality, the strict ergodicity of the horocycle flow h + s is a question that arises naturally in the foliated context, but still less is known.
As Matsumoto observed in [21] , Ratner's classification theorem [25, Theorem 1] can be used to prove the strict ergodicity of right U + -action on the quotient Γ\(P SL(2, R) × G) with respect to the P SL(2, R)-invariant measure induced by the left Haar measure on P SL(2, R) × G. Similarly to this example, Riemannian foliations are always equipped with a transverse volume which is invariant by holonomy.
In fact, few results are known outside of this example, and essentially they all apply to foliated manifolds constructed by suspension and having a transverse projective structure. If Γ is a cocompact discrete subgroup of SL(2, R) -or more generally a lattice-and ρ : Γ → GL(V ) is a linear representation as group of linear automorphisms of V = R m or C m , we call suspension of ρ the foliated vector bundle Γ\(SL(2, R) × V ) obtained from the diagonal action
where γ acts on SL(2, R) by left translation. This also yields a foliated fibre bundle Γ\(SL(2, R) × P(V )) with projective fibre P(V ) defined by the induced projective action. As before, these bundles can be interpreted as unitary tangent bundles of foliations on
respectively, where Γ acts now on H by deck transformations. From the dynamical study of an irreducible SL(2, R)-action on a real or complex vector bundle preserving an ergodic probability measure on the base, C. Bonatti, A. Eskin and A. Wilkinson give a sufficient condition for the unique ergodicity of the horocycle flow on the corresponding projective bundle (see [7, Theorem 2.3] ). This extends a former result by C. Bonatti and X. Gómez-Mont about the unique ergodicity of the horocycle flows associated to the suspension of linear representations ρ : Γ → GL(3, C) such that ρ(Γ) does not admit any invariant measure on CP 2 , also valid for any generic representation ρ : Γ → GL(2, C) (see [8, Théorème 3] ).
In this work we are interested in a totally different setting: that of a foliation F by hyperbolic surfaces on a closed manifold M having a transverse invariant measure. This is a locally finite measure on a complete transversal which is invariant under holonomy. Each transverse invariant measure yields, when combined with the Haar measure on P SL(2, R), a probability measure onM = T 1 F which is invariant for the foliated horocycle flow. Therefore, this flow might have many ergodic measures with full support: Remark 1. For the foliated horocycle flow, minimality does not imply unique ergodicity. An example in which this flow is minimal but not uniquely ergodic can be constructed from a volume-preserving diffeomorphism f : T 2 → T 2 which is minimal but not uniquely ergodic, like Furstenberg's example [15] . It suffices to take the suspension of the representation of the fundamental group of a closed hyperbolic surface into the group of diffeomorphisms of T 2 sending one generator to f and all the other generator to the identity. Now, the question that arises naturally is the following: Question 1. Let (M, F ) be a minimal foliated manifold by hyperbolic surfaces which has a unique transverse invariant measure. Is the foliated horocycle flow uniquely ergodic?
Like in Furstenberg's proof for skew-products, which applies directly to foliations of codimension one, it seems that ergodicity might imply strict ergodicity under this condition. On the other hand, for some classes of foliations it is known that there exists a unique transverse invariant measure. One of them is just that of Riemannian foliations, as a particular case of equicontinuous laminations (see [20] ). In this context, the main result of this paper is the following: In order to prove that it is strictly ergodic, we make use of a theorem due to Y. Coudène which is precisely tailored for two continuous flows g t and h + s satisfying the condition (1.1) above (see [11] ).
Coudène's theorem requires the existence of a measure µ onM that is invariant under both g t and h + s . In our case, this measure is the volume measure inM which is locally obtained by integrating the Liouville mesures on the unit tangent bundles to the leaves of F with respect to the transverse invariant volume ν.
There is a bijection ν → µ between transverse invariant measures for F and measures on the unitary tangent bundleM which are invariant under the P SL(2, R)-action, that takes ergodic measures to ergodic measures. This is a general fact for any action of a unimodular Lie group such as P SL(2, R), a proof of which can be found in [10, Theorem 5.2] .
Another relevant assumption in Coudène's theorem is that the horocycle flow h + s is transitive. In our setting, we do not have a straightforward proof of this fact. Nevertheless, this follows from Moore's Ergodicity Theorem (which can be found in [30, Chapter 2] ): applying it to the P SL(2, R)-action onM preserving the measure µ described above, we know that the geodesic flow g t and both horocycle flows h ± t are ergodic with respect to µ. Since the foliation F is minimal, µ has total support. All three flows have an orbit which is dense in the support of µ and hence they are topologically transitive.
The most technical hypothesis in Coudène's theorem is a semi-local condition that involves the long-term control of the geodesic orbits, as explained in Definition 3. The main technical tool that we introduce in this paper is the notion of normal tube, an object which arises from the geometry of the Riemannian foliation, see Definition 5. We use it to prove that any geodesic in a leaf is followed closely, during all its past, by one and only one geodesic in any nearby leaf. This is the essential content of our main technical result, which is Proposition 4. Section 2 introduces preliminary material, noticeably the precise statement of Coudène's theorem. Section 3 contains both an example and a non-example. The example consists of Theorem 1 in the homogeneous case, which introduces the idea of the proof while avoiding its main difficulty. The non-example was introduced to shed further light on the semi-local condition used by Coudène, showing that it is not exclusive to the Riemannian setting. It also highlights the importance of the topological transitivity of the horocycle flow. Finally, Section 4 discusses Riemannian foliations and the proof of Theorem 1.
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Preliminaries and notation
2.1. Geodesic and horocycle flows on hyperbolic surfaces. Let S be a hyperbolic surface, obtained as a quotient S = Γ\H of the hyperbolic plane H by the action of a torsion-free discrete subgroup Γ of the group of orientation-preserving isometries Isom + (H). The group Isom + (H), which is isomorphic to P SL(2, R), acts freely and transitively on the unit tangent bundle T 1 H of the hyperbolic plane. Therefore, we will identify Isom + (H) ≃ P SL(2, R) ≃ T 1 H. Under these identifications, the unit tangent bundle to S is T 1 S ≃ Γ\P SL(2, R). This is the phase space of the geodesic and horocycle flows on S, which we will denote by g t and h 
Remark 2. (i) The (un)stable horocycles are the strongly (un)stable manifolds for the geodesic flow in T 1 S, that is,
1 S, its local weakly unstable manifold of size ε is the set
We will assume that the injectivity radius of S is bounded below by a positive constant. More precisely, that there exists an ε 0 > 0 such that the restriction of the covering map T 1 H → T 1 S to any ball of radius ε 0 is injective -and therefore a local isometry of class C ∞ .
Remark 3. For any positive ε ≤ ε 0 , there is an open neighbourhood B ε of the identity in the group B such that 
The plaques glue together to form maximal connected surfaces called leaves. The disjoint union T = ⊔ T i is a complete transversal that meets all the leaves. In addition, the changes of charts
). Then γ ij is an smooth diffeomorphism between open subsets of T j and T i . As is usual, we shall assume that any foliated atlas {(U i , ϕ i )} i∈I satisfies the following conditions: (i) the cover U = {U i } i∈I is locally finite, hence finite if M is compact, (ii) each open set U i is a relatively compact subset of some foliated chart, (iii) if U i ∩ U j = ∅, there is a foliated chart containing U i ∩ U j and then each plaque of U i intersects at most one plaque of U j . Sometimes it is more convenient to define F by a foliated cocycle ({(U i , π i )}, {g ij }) where {U i } is an open covering, π i : U i → T i are smooth surjective submersions, and g ij are locally constant maps sending each point p ∈ U i ∩ U j to a local smooth diffeomorphism g ij (p) from T j to T i such that
The pseudogroup of local diffeomorphisms of T generated by γ ij (or equivalently, by g ij (p)) is called the holonomy pseudogroup P.
Let M be a compact manifold endowed with a foliation F . If g is a Riemannian metric on M , its restriction to the leaves endows each leaf L with a Riemannian metric g L . If T F is the subbundle of T M consisting of vectors tangent to F , then we have a Riemannian metric tensor g T defined on T F . Moreover, the normal bundle N F = T M/T F can be naturally identified with the subbundle T ⊥ F consisting of vectors orthogonal to F . We denote by g N the corresponding Riemannian metric tensor on N F . The Riemannian metric g splits then into the sum
Assume that F is a foliation by surfaces, i.e. the leaves of F have dimension n = 2. Poincaré's uniformisation theorem tells us that in the conformal class of Riemannian metric g L induced by g on every leaf L, there will always be a metric of constant curvature 1, 0 or −1. We say that F is a foliation by hyperbolic surfaces if the metric given by the uniformisation has curvature -1 on all leaves. This turns out to be a purely topological condition, independent of the choice of Riemannian metric g. A theorem by A. Candel and A. Verjovsky (see [9] and [28] ) says that every leafwise metric of constant curvature −1 varies, in the direction transverse to the foliation, continuously in the smooth topology.
The Riemannian metric g T along the leaves of F allows us to consider unit vectors in T F . We therefore have:
The unit tangent bundle T 1 F is the circle bundle p : T 1 F → M whose fibre at x is the set of unit vectors tangent to the leaf of F through x. The manifoldM = T 1 F has a foliationF of dimension 3 and codimension m, whose leaves are the unit tangent bundles of the leaves of F .
The Riemannian metric g L on each leaf L induces the corresponding Sasaki metric on the leaf T 1 L ofF . Thus, the Riemannian metric g T along the leaves of F induces in a natural way a Riemannian metricĝ T along the leaves ofF . In fact, there is a lifted Riemannian metricĝ onM such that the projection p :M → M becomes a Riemannian submersion. Moreover, as in (2.3),ĝ splits into the sumĝ = g T ⊕ĝ N , whereĝ N is the Riemannian metric tensor which makes p * : NF → N F an isometric bundle morphism. If g T is the uniformised Riemannian metric along the leaves of F , thenĝ T varies only continuously in the transverse direction toF . The geodesic and horocycle flows on the individual leaves ofF, when considered together, constitute the foliated geodesic and horocycle flows, which are continuous flows onM . As in the case of surfaces, we will call them g t and h ± s . When identifying T 1 H ≃ P SL(2, R), the foliationF becomes the foliation by orbits of a continuous locally-free right P SL(2, R)-action onM . The foliated geodesic and horocycle flows are given by the action of the one parameter subgroups D, U + and U − .
2.3.
Coudène's theorem. The key tool in our proof of unique ergodicity for the foliated horocycle flow in Riemannian foliations is a theorem due to Y. Coudène, which is the object of his paper [11] . We will state it first and introduce the necessary definitions next. The most technical assumption is the absolute continuity of µ with respect to W wu , which we will now explain.
Definition 2. Given ε > 0 and a point p ∈ X, the local weakly unstable manifold at p of size ε for the flow g t is the set 
is a homeomorphism onto a neighbourhood of p. (2) Local structure of the measure µ: In these coordinates, the measure µ disintegrates as dν s (q)⊗ds, where dν s is the conditional probability measure on (W wu ε (p) ∩ B(p, δ)) × {s}. The first condition says that the W wu ε are transverse to the flow h s and the local foliation they define has no holonomy. The second says that, when disintegrated with respect to the partition given by the W wu ε , the (pseudo)image of µ is the arc length.
Two examples
In this section, we will show how to apply Coudène's theorem to prove the unique ergodicity of homogeneous G-Lie foliations described in the introduction, which we will also compare to a totally different example. We will start by explaining their construction.
3.1. An example. Let H and G be two Lie groups andD : H → G a surjective homomorphism. Assume that H contains a cocompact discrete subgroup Γ. The foliation by the fibres ofD, which are right cosets of the kernel K ofD, is invariant by the left action of Γ, and then induces a foliation on the compact manifold Γ\H. In fact, this construction can be modified by taking the quotient of the right action of some compact subgroup K 0 of K. Indeed, the compact manifold M = Γ\H/K 0 admits a foliation induced by the foliation on H/K 0 whose leaves are the fibres of D : H/K 0 → G. The leaves are diffeomorphic to Γ ∩ K\K/K 0 . According to [24, Appendix E], any foliation obtained by this method is called a homogeneous (G-Lie) foliation.
If K = P SL(2, R), a theorem byÉ. Cartan [27, Corollary C] implies that H = P SL(2, R) × G up to isomorphism of Lie groups. Given any cocompact discrete subgroup Γ of H, the natural projectionD : P SL(2, R) × G → G defines a homogeneous foliation onM = Γ\(P SL(2, R) × G). Taking K 0 = P SO(2, R), we obtain a homogeneous foliation on the manifold
A particular example is obtained by suspension when Γ is the fundamental group of a compact hyperbolic surface S = Γ\H and ρ : Γ → G is a representation in a compact Lie group G. Indeed, there is a diagonal action of Γ on H × G given by
where Γ acts on H by deck transformations, and the horizontal foliation on H × G projects onto a homogeneous foliation on M = Γ\(H × G). The leaves are diffeomorphic to Ker ρ\H.
In this homogeneous situation, all manifolds involved in the construction are equipped with Riemannian metrics defined in a natural way. The foliationF on the unit tangent bundleM = Γ\(P SL (2, R) 
where all maps are Riemannian submersions (with the metrics that we have just described). Sinceπ : T 1 H × G →M is actually a local isometry, any contractible neighbourhood of a point inM is identical from a topological and metrical point of view to a neighbourhood of any of its preimages in
Let ε 0 > 0 be small enough such thatπ is injective on any ball of radius ε 0 (and hence smaller than the injectivity radius of the surface Γ\H), and let ε ≤ ε 0 /2. Denote by B(e, ε) the ball in G centred at e of radius ε, and recall B ε is the open ball in the Borel group B given by Remark 3.
With these notations, for the product metric in T 1 H × G, we have:
Sinceπ is injective at this small scale, we have: , e) ). Notice that all the above discussion refers to the metric and not the algebraic structure of G. Therefore, since G acts transitively on itself by left translations which are isometries, the identity element e does not play any special role: Proposition 1. The local weakly unstable manifolds for the foliated geodesic flow g t at any pointû ofM are given by
It allows us to deduce the following result from Coudène's theorem: Proof. As explained in the introduction, the horocycle flow h s is transitive, although we already know that h s is minimal in this case from [3] . Therefore, all we have to prove that the volume measure µ that comes from the metric g is absolutely continuous with respect to W wu .
This condition is semi-local, but the orbits of h s being contractible, we can always reduce to contractible neighbourhoods which trivialiseπ. So rather than proving it inM we will prove it in P SL(2, R) × G. The Borel probability measure µ onM is induced (up to normalisation) by the product µ P SL(2,R) ⊗ µ G of the left Haar measures of P SL(2, R) and G.
To see that the first condition in Definition 3 is satisfied, we will fix a point p ∈ T 1 H × G and ε > 0. As has been remarked before, without loss of generality, we can take a point of the form p = (u, e), with u ∈ T 1 H = P SL(2, R) and e being the identity element in G. We will also consider a point q ∈ W wu ε (p) ∩ B(p, δ), a time s ∈ (−1, 1), and we will see that the intersection
has exactly one point.
The point q = (ub 0 , k 0 ) for some b 0 ∈ B ε and k 0 ∈ B(e, ε). The horocycle flow is given by the action on the P SL(2, R) factor defined by right translation of the one parameter group U + = {h s } s∈R . Slightly abusing notation, we will write h s (p) = (uh s , e), and similarly for horocycle orbits through other points. The intersection above has exactly one point if and only if there exist unique l ∈ (−2, 3), b 1 ∈ B ε and k 1 ∈ B(e, ε) such that
Clearly the only possibility for k 1 is k 1 = k 0 . The equality of the first component gives
which is an equation in P SL(2, R). The left hand side is known. Now, there is a unique choice of b 1 ∈ B and h −l ∈ U + such that this equation is satisfied, namely
The time s is arbitrary in (−1, 1) so it cannot be chosen. But taking a small enough δ, b 0 is very close to the identity so t 0 ≈ 0 and λ 0 ≈ 1. This is enough to guarantee that b 1 ∈ B ε and l ∈ (−2, 3). This defines the map
where q s is the only intersection point of h (−2,3) (q) and W wu ε (h s (p)). It is clearly injective and continuous. A close look at Proposition 1 shows that it is also surjective onto an open neighbourhood of p, and since all spaces are locally compact it is a homeomorphism onto its image.
We now have to verify that the second condition in Definition 3 holds. That is, that the disintegration of the measure µ P SL(2,R) ⊗ µ G with respect to the partition given by the above coordinates is of the form
where ν s is the conditional (probability) measure along (W wu ε (p) ∩ B(p, δ)) × {s} and ds is the Lebesgue measure in (−1, 1) . That is, we have to see that
for all −1 < s ′ < s ′′ < 1. The s parameter does not affect the measure on the G-factor, so it is enough to verify the condition on P SL(2, R) -that is, as if we were working in the hyperbolic plane. We are simply considering the disintegration of the Haar measure µ P SL (2,R) in (an open subset of) P SL(2, R) with respect to the foliation given by weakly unstable manifolds of points in a fixed horocycle orbit. Thus, we are disintegrating with respect to
. This set has µ P SL(2,R) -measure which only depends on s ′′ −s ′ simply because the left Haar measure µ P SL(2,R) is also invariant under right translations in P SL(2, R).
Remark 4. Notice that the above proof does not use the algebraic structure of G. Namely, once we have Proposition 1, the fact that the transverse structure of F is modelled on the Lie group G is no longer necessary.
3.2.
A non-example. Let Sol 3 be the 3-dimensional solvable Lie group (diffeomorphic to R 3 ) with the multiplication law given by
If A ∈ SL(2, Z) is a hyperbolic matrix (with |tr(A)| > 2), then A is conjugate to a diagonal matrix
where λ > 1 > λ −1 up to multiplication by −Id. Using the eigenvector basis and multiplying the third coordinate by 1/logλ, the group Z 3 with the multiplication law given by
can be realised as a cocompact discrete subgroup Γ of Sol 3 . The quotient manifold M = Γ\Sol 3 is a torus fibre bundle over S 1 with linear monodromy A, which is usually called T 3 A , see for example [3] and [17] . It is endowed with a codimension one foliation F defined by the 1-form on M which is induced by the left invariant 1-form ω = e z dy on Sol 3 . As is usual, we will use the somewhat abusive notation identifying left invariant 1-forms and vector fields on and g t (x, y, z) = (x, y, z).(0, 0, t) = (x, y, z + t) respectively. To justify this notation, let us observe that its Lie bracket [X, Z] = Z and hence F is defined by a locally free B + -action. This is actually the right B + -action obtained from the realisation of the affine group B + (identified to the semidirect product R ⋊ R * + ) as a Lie subgroup of Sol 3 which sends (a, b) to (a, 0, log b). So the one-parameter subgroups of B + generated by X and Z are given by
where (a, b) ∈ R ⋊ R * + is identified with
On the other hand,
is a left invariant Riemannian metric on Sol 3 , and its restriction 
induces a probability measure ν on M . Since b = e z is a harmonic function on H, this measure ν is harmonic. In fact, according to a theorem by B. Deroin and V. Kleptsyn [13] , this is the unique harmonic measure of F . A theorem by Y. Bakhtin and the third author [6] proves that ν lifts to a unique measure µ on the unit tangent bundleM = T 1 F which is invariant under both foliated geodesic g t and horocycle h + s flows. As proved in [3] , the horocycle flow h + s is not minimal because orbit closures reduce to integral surfaces (diffeomorphic to T 2 ) of the vector fields X and Y . In fact, contrary to the previous example, this flow is neither uniquely ergodic, nor ergodic with respect to to a volume. However, conditions 1 and 2 in Definition 3 hold in this case.
Indeed, the manifoldM is the quotient of the unitary tangent bundle to the lifted foliation, and this bundle is made up of pairs (p, u) where p = (x, y, z) is an element of Sol 3 and u is a unitary vector in the plane generated by X p and Z p . The measure µ is induced by the product of the Haar measure µ P SL(2,R) modified with the density e z and the transverse volume −dy. With the obvious abusive notation, already used above, the local weakly unstable manifolds W wu ε (p, u) are made up of unitary tangent vectors (p
we have
) is just the distance in the leaf passing through (p, u) and
as t → +∞. Taking ε 0 > 0 and ε ≤ ε 0 /2 as before, for t big enough, Proposition 1 remains valid inM and therefore the first condition in Definition 3 holds in this case. With respect to the second condition, let us remark that the contraction of the volume form onM with the vector fields Y and Z is the 1-form e −z dx which corresponds to the length element ds. (iii) This counterexample also reveals a certain analogy with the case of skewproducts studied by Furstenberg in [15] in the sense that ergodicity seems to imply unique ergodicity when the foliation is uniquely ergodic.
Riemannian foliations
Our proof of Proposition 2 is based on the fact that the maps π : H × G → M andπ : T 1 H × G →M are local isometries when we endow these manifolds with the natural Riemannian metrics which we have in the homogeneous case. In this section, to prove Theorem 1, we will replace these global 'normal unwrappings' by partial 'normal unwrappings', called normal tubes, respecting the transverse metric structure of Riemannian foliations. We will start by recalling the definition of this kind of foliations. 
induces an isometry from the fibre N p F to the tangent space T y N for each point p ∈ U i with y = π i (p) ∈ T i ⊂ N . Since the transition maps are isometries, this defines a smooth Riemannian metric tensor on N F , denoted again by g N . Writing T M = T F ⊕ N F , we can complete g N to a smooth Riemannian metric g on M . It is called a bundle-like metric for F . Then F has the following properties (see [26] ): (1) Any two orthogonal curves with the same local projection have the same length and therefore the local distance between leaves becomes constant. (2) A geodesic is orthogonal to the foliation at one point if and only if it is orthogonal at every point. In fact, both properties characterise Riemannian foliations. The structure of Riemannian foliations has been described by P. Molino in [23] (see also [24] ).
The Riemannian volume on N is then invariant by the holonomy pseudogroup P. Although we will not make use of this fact, it is actually the unique transverse invariant measure ν for F if F is minimal, see [20] for a detailed proof in the more general setting of equicontinuous laminations. Now we will consider a Riemannian foliation F by hyperbolic surfaces on a closed manifold M . Let g be a bundle-like metric on M which decomposes into the sum g = g T ⊕ g N on T M = T F ⊕ N F where g N is a smooth Riemannian metric tensor on N F glueing together the local metric tensors g i . The metric g determines a conformal class on each leaf L, and there is a unique complete metric of constant curvature −1 on this conformal class, which will be denoted by g L . Glueing all these hyperbolic metrics we get the Riemannian metric tensor g T on T F , which is not known to be smooth but only continuous in the smooth topology on M .
4.2.
Normal tubes. The existence of normal tubes is true for minimal Riemannian foliations of any dimension, but we will continue to restrict to the case of surfaces for convenience: 
where H denotes the horizontal foliation of D × T 0 , such that (i) τ is a local diffeomorphism, (ii) τ | D×{y} is the universal covering map of the leaf L y passing through y, (iii) τ | {x}×T0 is an isometric embedding into a local integral submanifold of N F passing through τ (x, y 0 ). By a local integral submanifold we mean the image of the exponential map. In other words, for any ray ℓ in T 0 starting at the base point y 0 ∈ T 0 , the image τ ({x} × ℓ) is an isometrically embedded geodesic with respect to the bundle-like metric. In particular, the image of the ray is tangent to N F (although the whole image τ ({x} × T 0 ) may not be). An important property is that for any point y ∈ T 0 , τ (D × {y}) is contained in a leaf of F .
Although the local integrability of N F can be used to 'partially unwrap' any minimal Riemannian foliation, it will be more convenient to use groupoids as 'global unwrapping' of foliations: Definition 6 ( [29] ). For any smooth foliation F on a closed manifold M , the homotopy groupoid Π 1 (F ) is a Lie groupoid obtained as the quotient of the space P(F ) of paths tangent to F (with the smooth topology) by the homotopy relation.
Next we describe the differentiable structure of Π 1 (F ). For this structure, the maps α : γ ∈ P(F ) → γ(0) ∈ M and β : γ ∈ P(F ) → γ(1) ∈ M induce a pair of surjective submersions α : Π 1 (F ) → M and β : Π 1 (F ) → M . When the foliation is Riemannian, α and β are Riemannian submersions, and therefore locally trivial bundles.
To endow Π 1 (F ) with a smooth structure, we will use tubes of paths from [5] : for every pair of distinguished open sets U ≃ P × T and U ′ ≃ P ′ × T ′ , we call tube of paths joining U and U ′ a map
If we identify T and T ′ with local transversals in U and U ′ , the map
is the holonomy transformation corresponding to the path Θ (x0,y0,x ′ 0 ) tangent to F which joins the point p = (x 0 , y 0 ) ∈ U with the point
. Each tube of paths Θ defines a continuous map Θ :
which projects in a local chart for the homotopy groupoid Π 1 (F ). When seen in these charts, it is clear that α and β are submersions. By construction, the fibre α −1 (p) is the universal cover of the leaf passing through p and the restriction
is the covering map. Using Molino's theory, it was proved in [2] that if F is a Riemannian foliation, then α : Π 1 (F ) → M is a locally trivial bundle, see also [16] for another approach. This will be used in the proof of the next Proposition. 
is a smooth submersion, which is also surjective by minimality of F . Moreover, by construction, its restriction to D×{p} is the universal covering of the leaf L p = β(α −1 (p)) passing through p. Since the map β•ϕ sends each horizontal leaf to a leaf of F and each local transversal in U 0 to a local transversal to F , the map
still is a surjective smooth submersion. But τ is actually a local diffeomorphism by dimension reasons. Thus, conditions (i) and (ii) of Definition 5 are satisfied by τ . If we restrict τ to {x} × T 0 , as it is contained in the unit space M , we retrieve the inclusion of T 0 into M , which is obviously an isometric embedding.
Remark 6. (i) From the previous description, it is clear that the foliations α * F and β * F induced by α and β on the homotopy groupoid Π 1 (F ) are equal and the resulting foliation F = α * F = β * F has the same transverse structure than F . Given a bundle-like metric g for F , the Riemannian metric g that coincides with
) on N F is also bundle-like for F . In particular, the map β : Π 1 (F ) → M is a surjective Riemannian submersion, and the same happens with β•ϕ.
(ii) Consider two leaves D × {y} and D × {y ′ } of the horizontal foliation H. The map (x, y) → (x, y ′ ) is not in general an isometry with the metrics induced by τ * g. Assuming that g has been already uniformised, each D × {y} carries a complete metric g y of constant curvature −1. These g y vary continuously in the smooth topology, uniformly in x ∈ D.
4.3.
Unique ergodicity of the horocycle flow h + s . In this section, we will use these normal tubes to prove Theorem 1. The key point of the proof is to extend Proposition 1 to the Riemannian case. Let F be a minimal Riemannian foliation by hyperbolic surfaces on a closed manifold M , and let τ : D× T 0 → M be a normal tube for F obtained from Proposition 3. As in Diagram 3.1, we can consider the local diffeomorphismτ :
for each u ∈ T 1 x D and each y ∈ T 0 . We will fix a bundle-like metric g for F which is hyperbolic on leaves. With the notations introduced in Remark 3 and Definition 3, we have: Proof. Let ε 0 > 0 be such that the mapτ is injective on any ball of radius ε 0 , and let ε ≤ ε 0 /3. We will also assume that the diameter of T 0 is smaller than ε. As we said in Remark 6, the leaves D × {y} of the horizontal foliation H carry complete metrics g y of constant curvature −1.
Without loss of generality, we will assume that for some (fixed) y 0 ∈ T 0 the metric g y0 = g D is the complete hyperbolic metric corresponding to the standard conformal class |dz|. For each y ∈ T 0 , the metric g y corresponds to the class |dz + µ y dz|. The Beltrami coefficient µ y is a smooth complex-valued function on D. When y varied in T 0 , the metric g y varies continously in the smooth topology, and so does µ y . Furthermore, since M is compact and the leaves of the Riemannian foliation are locally at constant distance, µ y varies continously in the uniform topology. Taking a smaller T 0 if necessary, we may assume that there is a k < 1 such that ||µ|| ∞ < k for any y ∈ T 0 .
Then by the Ahlfors-Bers theorem (see [1] ), for any y, there is a unique kquasiconformal diffeomorphism f y : D → D that solves the Beltrami equation
and which fixes the three points −1, i, 1. Recall that any quasiconformal map of D extends to a homeomorphism ofD. Moreover, f y depends continuously on y in the uniform topology, as explained in [1, Section 5] . Now, f y pulls back the conformal class |dz + µ y dz| to |dz|, and hence the hyperbolic metric g y to g D . This means that when T 0 is small the diffeomorphism f y is an isometry between (D, g D ) and (D, g y ) which is close to the identity, uniformly. Now, we define a homeomorphism
by F (x, y) = (f y (x), y), which restricts to a smooth diffeomorphism from each horizontal leaf D × {y} to itself. By construction, the metric g y on D × {y} is now pulled-back to the hyperbolic metric g D . However, the vertical leaf {x} × T 0 is not pulled-back to a manifold orthogonal to the leaves of H since its preimage by F is equal to the subset {(f :
which, in the leaf direction, pulls back the Sasakian metric corresponding to each g y to the one corresponding to g D (see Figure 1) .
Notice that since f y : (D, g y0 ) → (D, g y ) is an isometry, it sends geodesics to geodesics. This implies that for all (v, y 0 ) ∈ T 1 D × {y 0 } and y ∈ T 0 and for all t ∈ R d(g t (v, y 0 ), g t (F (v, y)) < 2ε.
This means that the geodesic directed byF (v, y) shadows the geodesic directed by (v, y 0 ), in the sense that it follows it at a small uniform distance, for the distance d coming from the bundle-like metric in the normal tube. Therefore, we have that Proposition 4 is the analogue of Proposition 1 for Riemannian foliations. Therefore, as stated in Remark 4, the proof of Proposition 2 applies to this case. Let us briefly sketch the minor changes that need be made to this proof:
Proof of Theorem 1. We have to verify that we are in the hypotheses of Coudène's theorem. As in the proof of Proposition 2, we know that the horocycle flow h s is transitive. We have to prove that the volume measure µ that comes from the metric g is absolutely continuous with respect to W wu . Again, the condition is semi-local, so rather than doing it inM we will do it in a normal tube (D × T 0 , H). Let u = (u, y 0 ) be a vector tangent to a leaf in this tube. According to Proposition 4, modulo a homeomorphism F that is smooth along the horizontal leaves, the tube D × T 0 can be written as F −1 (D × T 0 ) = H × T 0 , where the H factor is a plane with a fixed hyperbolic metric -the metric g y0 on the disk D-and the transversal T 0 is now a topological manifold with no metric structure. There is, nevertheless, a distance d on H × T 0 that comes from the distance in the tube D × T 0 . The unit tangent bundle to the horizontal foliation can be written as T 1 H × T 0 , where any two horizontal factors are isometric via the trivial map which is the identity on the first coordinate. We consider s ∈ (−1, 1) andv = (v, y) ∈ W wu ε (û), and we have to verify that W wu ε (h s (u)) ∩ h (−2,3) (v) has exactly one point. Namely, that there are unique l ∈ (−2, 3) and w ∈ W wu ε (h s (u)) such that w = h l (v). We are intersecting some open subsets of a weakly unstable and a stable manifold for the geodesic flow in T 1 H × {y}, so there is at most one intersection point. Again, if the δ appearing in Definition 3 is small enough, we can guarantee that this point exists.
The condition on the disintegration of the measure µ is verified exactly as in the case of homogeneous foliations. The transverse component of the measure plays no role, and the tangential component, being invariant under both the geodesic and stable horocycle flow, has the desired property.
